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VECTOR BUNDLES OF RANK FOUR AND A, = D. 



ASHER AUEL 

Abstract. Over a scheme X with 2 invertible, we show that a version of "Pas- 
cal's rule" for vector bundles of rank 4 gives an explicit isomorphism between 
the moduli functors represented by projective homogeneous bundles for reductive 
group schemes of type A3 and D3. We exploit this to prove that a locally free 
^x-module Y of rank 4 has a sub or quotient invertible sheaf if and only if the 
canonical symmetric bilinear form on /\ 1^ has a lagrangian subspace. Under ad- 
ditional hypotheses on X (e.g. proper over a field), we prove that this is equivalent 
to the vanishing of the Witt-theoretic Euler class e('r) e W*{X, det y^). 



Introduction 



^^ • Let X be a noetherian scheme with 2 invertible and "f a locally free ^x-module 

■^ i of even rank r = 2s. The middle exterior power /\^i^ supports a canonical regular 

_; ' det('^)-valued (— l)'^-symmetric bilinear form 

given by wedging. This operation defines a functor from the category of locally 
free i^x-modules of even rank to the category of regular line bundle- valued bilinear 
forms and can easily be generalized to categories of perfect complexes. When Y 
is free, the associated middle exterior form is hyperbolic. On the other hand, for 
^ I example when X = F'^ and Y = Q^4 (see Walter [27]), the middle exterior power 

^^ ■ form need not even be metabolic. In this work, we give a general necessary condition 

for the middle exterior form to be metabolic, namely, that 'f has a sub or quotient 



C^^ I invertible sheaf. This is related to a version of "Pascal's rule" (see Lemma 1.4) for 



vector bundles. When "^ has rank 4, we prove (see Corollary 3.4) that this condition 
is sufficient as well. 



Theorem 1. Let X be a noetherian scheme with 2 invertible and Y a locally free 
k> , 0'x -module of rank 4- Then 'Y has a sub or quotient invertible sheaf if and only if 

?H ' the middle exterior form on A Y is metabolic. 

This involves the (quite classical) geometry of the symmetric lagrangian grass- 
mannian and the exceptional isomorphism A3 = D3. We then give an interpretation 
of this result involving the Euler class in Witt and Grothendieck-Witt theory (in 
the sense of Fasel-Srinivas [18]). What follows is a special case of Corollary 3.8. 

Theorem 2. Let X be a noetherian scheme proper over a complete local ring with 
residue field of characteristic ^ 2. Let Y be a locally free ^x -module of rank 4- 
Then "V has a sub or quotient invertible sheaf if and only if the Witt-theoretic Euler 
class e(r) E W^(X,detr^) vanishes. 

This follows from a combination of Theorem 1, explicit formulas for Euler classes, 
and general results about the Witt cancellation property in exact categories with 
duality (found in Knus [23, II §6]). 
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2 ASHER AUEL 

With no assumption on 2, there is a natural quadratic form /\^Y -^ det 'f, see [24, 
II Prop. 10.12]. Likewise, replacing Y by an Azumaya algebra £/ of degree r = 2s, 
there is the notion of the canonical involution on X^^, see [24, Ch. II, §10. B]. The 
generalization to these contexts of the results presented here will appear elsewhere. 

This work was carried out while the author was a guest at the Max Planck 
Institute for Mathematics in Bonn, Germany, where he enjoyed excellent working 
conditions and many fruitful interactions. In particular, he would like to thank 
Jean Fasel for many useful conversations and for his encouragement of this work. 
Author partially supported by National Science Foundation Mathematical Sciences 
Postdoctoral Research Fellowship DMS-0903039. 

1. Middle exterior power forms 

We only consider noetherian schemes. Let X be a scheme with 2 invertible and 
^ an invertible i^x-module. An ^-valued bilinear form on X is a triple {£',b,^), 
where (f is a locally free ^x-module of finite rank and b : S" ® £' ^ ^ is an Gx- 
module morphism. An ^-valued bilinear form is symmetric (resp. alternating) if b 
factors through the canonical epimorphism S ®S ^ S'^S (resp. S ®S ^ l\ S\ As 
shorthand, a symmetric form will be called +l-symmetric and an alternating form 
(— l)-symmetric. An ^-valued bilinear form ((a", 6,^) is regular if the canonical 
adjoint ipb '■ ^ ^ J^om{S',^) is an (^x-module isomorphism. 

Definition 1.1. Let "^ be a locally free i^x-iiiodule of even rank r = 2s. Denote 

by X^y = {/\^y, A, det Y) the det '^-valued middle exterior power form, 

/\'r ® ^'r A ^''y = det r, 

on X. It is (— l)''-symmetric, regular, and of rank n := (^). 

1.1. Torsorial interpretation. The signed discriminant is defined for line bundle- 
valued forms of even rank (cf. Parimala-Sridharan [26, §4]). A discriminant module 
consists of a pair {^, n), where ^ is an invertible ^x-module and n : ^®'^ — ?> &x 
is an i^x-iT^odule isomorphism. The isomorphism class of a discriminant module 
yields a class in Hl^{X,fj,2) (cf. Milne [25, III §4] or Knus [23, III.3]). Applying the 
determinant functor to the adjoint morphism of a regular line bundle- valued bilinear 
form ((D, b,^) of rank n = 2m yields an ^x-n^odule isomorphism 

det<f ^^ det^om(^,^) ^^ ^om(det ^,^®"), 

giving rise to a discriminant module disc 6 : {(lets' ® (_^V)®'")'^2 _^ ^^^ ^g ^g^a^^^ 
we twist it by (—1)™" to define the signed discriminant d{<§ , b,££'). We denote by (1) 
the trivial discriminant module on Gx- 

Perhaps the first fundamental property of a middle exterior power form is that it 
has trivial signed discriminant. 

Lemma 1.2. Let Y be a locally free i)'x-module of rank r = 2s. The middle exterior 
power form X^"V has trivial discriminant. Moreover, there is a canonical choice of 
isomorphism Q-y : d{X'^'V) — > (1). 

Proof. When "^ is free with basis ei, . . . , e^ a canonical map C '• det /\^'f — )■ det 1^® 2 UJ 
can be given by 



A 



e. 



n 



A ■ ■ ■ A ej J H> (ei A • • • A er) 



®MD 
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A standard computation (of the similarity factor of the middle exterior power of 
the fundamental representation of GL^) shows that this map does not depend on 
the choice of basis. Hence for a general locally free 1^, this map patches over a 

Zariski open covering of X splitting "f^. Finally, scaling ^ by (— l)™'(det '^'^) ^"'^ 
yields an ^x-module morphism ^;r : d[\^Y) -^ (1), which can be checked to be an 
isometry. D 

A similarity between bilinear forms {S',h,^) and {(o' ,b' ,^') is a pair {(p,X) 
consisting of i^x-module isomorphisms ip : S" ^ S" and A : .if — > ^' such that 
either of the following (equivalent) diagrams, 



(f ® (f -^^ ^ g ^^ J^om{g, 



(1) 



fis<+> 



A f> 



A-V 



<f ' ® ^' ^^^ ^' g' -^ M'om^S', ^') 



of ^x-modules commute, where A~^(/3'^ (V') = A~^ o ij) o ip on sections. Note 
that the commutativity of the left-hand diagram (1) takes on the familiar formula 
b'{ip{v),ip{w)) = A o b{v,w) on sections. A similarity transformation (v?. A) is an 
isometry if .if = Jf ' and A is the identity map. 

Denote by Sim(<f, 6, .if) the presheaf, on the large etale site X^t, of similitudes 
of a regular .if- valued itl-symmetric form ((#,6, .if). In fact, this is a sheaf and is 
representable by a smooth afiine reductive group schemes over X. See Demazure- 
Gabriel [14, II. 1.2. 6, III. 5. 2. 3]). Here we consider reductive group schemes whose 
fibers are not necessarily geometrically integral, in contrast to SGA 3 [1, XIX. 2]. 
When b symmetric, this is the orthogonal similarity group GO (<#", 6, .if). When 6 
is alternating, this is the symplectic similarity group GSp((o', 6, .if). Even though 
these sheaves of groups are representable by schemes over X, we will still think of 
them as sheaves of groups on X^f 

Any similarity ((/?, A) between bilinear forms induces an isomorphism of signed 
discriminants d{ip,X) : d{<g,b,^) -^ d{S',b',^'). Denote by Sim+(^,6,^) the 
kernel of the induced homomorphism Sim((5', 6, .if) — > Isom(d(J', 6, .if)) = /22, i.e. 
the sheaf of subgroups of similarities (c^, A) such that (i(c^, A) = id. If b is alternating, 
then Sim+((r, 6, .if) = Sim((f , &,.i^); the proof in [24, III Prop. 12.3] can be adapted 
to the etale site. If b is symmetric (and 2 is invertible on X), then Sim'^((f, 6, .if) 
is called the group of proper similarities. 

An oriented bilinear form ((f, 6, .if, (") is a line bundle- valued bilinear form (nec- 
essarily of even rank) together with an isomorphism C, : (i\sc{S, b, ^) — > (1) of 
discriminant modules. In particular, any oriented bilinear form is regular and has 
trivial signed discriminant. An oriented similarity between oriented bilinear forms 
((f, 6, .if,C) and {S'',b' ,^' ,(') is a triple ((/9, A, ^) where {ip,\) is a similarity and 
^ : d{(^,b,^) — > d{£",b' ,^') is an isomorphism of discriminant modules such that 
C'o^ = C- When X is connected, every regular line bundle- valued symmetric bilinear 
form with trivial discriminant has two oriented similarity classes. 

For any locally free ^x-module ^, any invertible ^x-module ^, and any e € ±1, 
the hyperbolic form H^(^) has underlying ^x-module ^ © J^om(^ , ^) and 
bilinear form given by (f , /) (8) iw,g) 1— )■ f{w) + eg{v) on sections. It is e-symmetric 
and regular. A hyperbolic form carries a canonical orientation (^^ : d{H^{J^)) — >■ 
(1). Every oriented e-symmetric bilinear form of rank n = 2m is locally on X^t 
oriented similar to -ff^ i^x)' ^^^ P' Thm. 1.14]. For each n = 2ni, put Sim^.m = 
SiMHffA^^)) and Sim+ = Sim+(i/^^(^™)). 
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We now put the middle exterior power form into a functorial framework. For 
r > 1, denote by \/Br{X) the groupoid of locally free ^x-modules of rank r under 
isomorphism (this is isomorphic to the groupoid of GL^-torsors on X^i). For even 
n = 2m > 1 and e G {±1}, denote by Bf^''^{X) the groupoid whose objects are 
oriented line bundle- valued e-symmetric bilinear forms of rank n on X under oriented 
similarities (this is isomorphic to the groupoid of Sim^ ^-torsors over X^t)- Denote 
by VBj. and BF^'^ the associated stacks over X^f There are canonical cartesian 
functors det : VB,. -^ Pic and /i : BF^'*^ -^ Pic defined by the determinant and 
value line bundle, respectively, where Pic is the Picard stack on X^i- 

Proposition 1.3. Let X be a noetherian scheme with 2 invertible, r = 2s even, and 
n = (^) . Then the middle exterior power induces a cartesian functor \^ : VB^ — ?> 

BFfi making the following diagram 

VB. -^ BF+'("^)^ 

det 

Pic ^=^= Pic 

of stacks over X^t commute. In particular for each object 'Y of\/Br{X), there's a 
canonical homomorphism of sheaves of groups X^ : GL('^) — > Sim+(A*'^) on X^^, 
making the following diagram, 

GL(y)^^Sim+(A^r) 

det 

G 



of sheaves of groups on X^t commute. 

Proof For each U ^ X m X^t define A^:VB^(C/) -^ BFt'^~^^\u) on objects 
by sending 'f to (A*'^,Cr), where (^y is the orientation defined in Lemma 1.2. 
On morphisms, send an ^x -isomorphism ip : Y ^ "f to the oriented similarity 

^AV, A*"^' A"(A''^) <^ (A'^V'^)'^^ )• The only nontrivial thing to check is that 
this is indeed an oriented similarity! Then the fact that this gives rise to a cartesian 
functor of stacks follows from its nature as a tensorial construction. The fact that 
the diagrams commute follows directly from the definition. D 

1.2. Some linear algebra. Let ^ — > ^ be a morphism of i^x -modules. For 
s > 1, the map y^" -^ ./K ® -^^C^-i) defined on sections by 

s-l 

UO (8) • • • (8) Vs-l 1-^ 2_j fi""]) '^Vq® ■ ■ ■ <^Vj ® ■ ■ ■ ® Vs-l 
j=0 

descends to the contraction map df : /\^'f ^- ,yV ® /\^~ Y. As usual, define 
A 1^ = ffx. The composition 

(2) /\-r ^ ^ ^ A'" V ^^^^ ^«^2 ^ A'"'^ 

is zero. Hence for r > 1 we have an r-truncated Koszul complex 

-^ i^r ^ ^® t\'-^r -^ — > ^®(^-2) ^ /\ V -> ^®('-i) ®r ^ ^®'- ^ o 

of ^x-modules. If '^ is locally free of rank r, ^ is invertible, and / is an epimor- 
phism, then the r-truncated Koszul complex is exact and denoted by K{y,f). 
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Now letting W = ker / — > 1^, we have a complex 

(3) ^ ^ i\'w !^ i\'r ^ ^ ® i\'-^r 

of ^x-modules, which is exact under the conditions that "V is locally free, JV is 
invertible, and / is an epiniorphisni. Such an ^ will be called a line quotient 
bundle of 'V. The following linear algebra lemma is well-known. 

Lemma 1.4 (Pascal's rule for vector bundles). Let 

be an exact sequence of locally free ^x-inodules, with jY invertible. Then for any 
s > 1 the contraction map induces a short exact sequence, 

(4) ^ /\'W ^ /\'y ^ .yV (8) A'^^W ^ 0, 
of (locally free) 0'x -modules. 

Proof. The only thing to check is the image of df in ^/V ® /\^~ Y. By (2) and (3) 
and our hypotheses, the kernel of id,^ df is ^ CS A*~ ^- ^Y the exactness of the 
Koszul complex, ^ (8) /\^~ W is the image of df. D 

Similarly, if — )• c/K — >■ "^ — t' y^ ^^ is an exact sequence of locally free ^x- 
modules, with ^ invertible, then there is induced short exact sequence 

(5) 0^.yr^/\'-^W^/\'y^/\'W^O, 

by applying Lemma 1.4 to ^^, then dualizing. Such an ^ will be call a line 
subbundle of Y. 

Remark 1.5. A line subbundle ^x of i^ is also called a nonvanishing global section. 
If X is any noetherian affine scheme of dimension d then Serre's splitting theorem 
guarantees a nonvanishing global section if Y has rank > d. If X is a variety 
of dimension d over an field and Y has rank > d, then "^ has a nonvanishing 
global section as soon as it is generated by global sections (cf. [21, II Exer. 8.2]). 
Furthermore, if X is projective over a field, then by a theorem of Serre, some twist 
■^(n) is always generated by global sections (cf. [21, II Thm. 5.17]). Thus for any 
projective variety X of dimension d over a field and any locally free ^x-iiiodule Y 
of rank > d, there is an exact sequence of the form — )> ^xi—n) — >■ 1^ ^- y^ — ?> 
for n ^ 0, i.e. Y has a line subbundle. 

A line bundle- valued bilinear form (^f , b, J£) of rank n = 2?7t, is metabolic if there 
exists a locally free ^x-submodule ^ — )■ (f with locally free quotient such that 
the restriction of 6 to ^ is zero. Any choice of such ^ is called a lagrangian. For 
example, ^ is a lagrangian of the hyperbolic form H^{^). An ^x-submodule ^ — > 
(f is a lagrangian if and only if ^ is the kernel of ipb,.^ '■ ^ -^ J^om(^,^) given 
by the composition of V'ft : (^ ^ ,yifom{S .,££) and the projection ^om{S .,££) — > 
^om(^,^). Thus a lagrangian ^ is also equivalent to an isomorphism of short 
exact sequences 

^ ^ ^ S ^ SI3P ^ 



il>h\.i 



i>b,3l: 



^ .^om{^om{S I ^ , ■^),^) ^ J^om{(^, ^) ^ M'om{r , ^) ^ 

of locally free ^x-modules, where the bottom sequence is the Jf-dual of the top 
sequence. We will often call lagrangian a self-dual short exact sequence as above. 



6 ASHER AUEL 

For the general notion of metabolic in the context of Grothendieck(-Witt) groups 
of triangulated and exact categories with duality, see Balmer [5] , [6] , and [7] . 

Proposition 1.6. Let Y he a locally free ffx-inodule of rank r = 2s and jV an 
invertible sheaf. 

a) For an exact sequence of locally free ^x-i^odules, 

the associated exact sequence (4) is a lagrangian of X'^y. 

b) For an exact sequence of locally free ffx-modules, 

the associated exact sequence (5) is a lagrangian of X^Y . 

c) Ify = J^®W, then X'^'f is isometric to the hyperbolic form -ff^crr (h\^)- 

Proof. This is a linear algebra exercise using the description of lagrangians via self- 
dual short exact sequences. D 

Corollary 1.7. If Y has a sub or quotient line bundle then X^'Y is metabolic. 

The statement of Corollary 1.7 can also be seen as a consequence of the Whit- 
ney formula (see Fasel [16, Prop. 13.3.2]) for the Euler class in Grothendieck-Witt 
theory together with explicit formulas (see Fasel-Srinivas [18, Prop. 14]) for its 
computation. We will draw the connection with the Euler class more fully in §2. 

As an easy corollary, we can give a generalization to schemes of a result of Knus 
[23, V Prop. 5.1.10]. 

Corollary 1.8. Let X he any noetherian scheme with the property that any locally 
free i?'x-m,odule of rank 4 has an invertible sub or quotient (e.g. X has dimension 
< 3 and is either affine or projective over an infinite field). Then any line bundle- 
valued symmetric bilinear form of rank 6 with trivial discriminant and trivial Clifford 
invariant is metabolic. 

Proof. Any line bundle-valued symmetric bilinear form of rank 6 with trivial dis- 
criminant is isometric to a reduced pfaffian form (see Bichsel-Knus [11, Thm. 5.2]). 
Any reduced pfaffian form with trivial Clifford invariant is projectively similar to 
y^y for some Y of rank 4. Under the hypotheses and Proposition 1.6, any such 
form is metabolic. But any form projectively similar to a metabolic form is itself 
metabolic. D 

Remark 1.9. For a general locally free ^x-module Y , let p : ¥{Y) = Proj S{'f) — ?• 
X be the associated projective bundle. Due to the universal quotient line bundle 
p*'f -^ ^p(-//)(l), the formp*(A*^) is always metabolic (by Proposition 1.6). If p has 
a section a : X ^ P(y) (i.e. P(r)(X) ^ 0) then X'T = a*p*{X'y) is metabolic, 
since the pullback of a metabolic is metabolic. But ¥{'f){X) is in bijection with the 
set of quotient line bundles of Y. Each a S ¥{'f){X) gives rise to the quotient line 
bundle Y = a*p*y — )• cr*^p(-^)(l), providing a specific choice of lagrangian of A'^'^. 
This provides another way of understanding Proposition 1.6. 

1.3. Lagrangian grassmannian. The lagrangian grassmannian (or grassmannian 
of maximal isotropic subspaces) of a bilinear form is a well-studied object. Our 
perspective is to consider these spaces as moduli functors and as projective homo- 
geneous space fibrations. 
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A polarization on a scheme X is an isomorphism class of ^x-module ,^. An 
morphism (/, if) : (X, ^) — > (1", '^) of polarized schemes is a morphism f : X —^ Y 
of schemes together with a morphism of ^y-modules if : ^ —> f*'^- 

Let ((f, b, ^) be a regular line bundle- valued e-symmetric bilinear form of even 
rank n = 2m on X. Denote by AG{(^, b,^) its moduli space of lagrangians, called 
the lagrangian grassmannian, and ^ the universal lagrangian. The polarized X- 
scheme {AG{£',b,^), £^) represents the functor 



u:U 



X ^ jlagrangians ^ A u*<^ of u^S", b,^)\ / 



where ^ — > n*(f ~ ^' — > u*S' if and only if there exists an ^f/-module isomorphism 
ip : u*<§ ^ u*^ such that 'i/'lj^ : ^ — t- ^' is an ^[/-module isomorphism satisfying 
ip = ip' o ■01^. Note that if ((3', 6,^) is not a split metabolic, then not necessarily 
every isomorphism ^ —^ ^' of lagrangians can be extended to S . 

The stabilizer subgroup P^ = P.j^((o', 5, .jSf) — > Sim((#',6, ^) of any lagrangian 
^ ^^ (0° is a parabolic subgroup. The morphism AG((o',6,^) ^ X is a projec- 
tive homogeneous space for the group scheme Sim((#', 6, .^), i.e. a moduli space of 
parabolic subgroups of Sim((f , 6, .if) of a given type. It has geometrically integral 
fibers when e = — 1 (i.e. in the Cm case). When e = 1 (i.e. the D^ case), it's Stein 

factorization is of the form AG((o', 6, .if) -^ Z ^ X where vr is smooth projective 
and with geometrically integral fibers and / is the etale double cover of given by 
the signed discriminant d{S',b,^). Indeed, by going to geometric points, this is a 
consequence of the corresponding fact for fields (cf. [15, §85]) or for a more global 
argument, see Hassett-Varilly-Alvarado-Varilly [22, Prop. 3.3]. When the signed 
discriminant is trivial, AG{S',b,^) has two connected component, each of which is 
an Sim''" ((f, 6, .if) orbit. In this case, two lagrangians ^ ^ S and 3^' — )■ S are 
points contained in the same connected component if and only if .^^V\.!^^ = m mod 2 
for every geometric point x of X, see Fulton [19]. 

Recall that for a locally free ^x-module y of rank r, the polarized X-scheme 
(P('^), ^(1)), where i^(l) = ^p(r)/x(l) is the universal quotient line bundle, rep- 
resents the moduli functor 

u : U ^ X I— 7- <u*'y ^1' .jY : .JV is invertible and / is an ^[/-epimorphism \ j ^ 

f f' 

where u*Y —^ jV ~ n*"^ — > ,jV' if and only if there exists an £?^-module isomor- 
phism \x : u*'f — >■ u*y such that //|,y)/ : ^ — > -yV' satisfies /' = /i|^ o /. 

The morphism ¥{'f) ^> X is a projective homogeneous space for the sheaf of 
groups GL(y) (of type A^_i). The stabilizer subgroup Pw = Pwi^) -^ GL(r) of 
any locally free i^x-module W ^r Y with invertible quotient is a parabolic subgroup. 

Theorem 1.10. Let X be a scheme with 2 invertible and Y a locally free i^x-'n^odule 
of even rank r = 2s. The associations 

induced by Proposition 1.6 are realized by maps on X -points of canonical morphisms 
of schemes 

^f : P(r) -^ AG(A'r), $V : ^{'y'^) -^ AG(A'r), 

respectively. Furthermore, in the D^ case, ^y and ^'y map to different connected 
components. 
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Proof. There's some easy linear algebra book keeping to make sure the morphism 
of moduli functor is well-defined. Then Yoneda's lemma shows this to arise from 
a X-morphism of moduli spaces (or use the classical Pliicker embedding, viewing 
AG{S',b,^) as a closed X-subscheme of the grassmannian G((f, m) — )• X). The 
connected component argument is easy using the condition stated above on the 
mod 2 rank of the intersection of lagrangians. D 

2. The Euler class in Grothendieck-Witt theory 

Let X be a scheme with 2 invertible. Modeled on classical treatments of the 
Koszul complex (cf. [12, §1.6]), Balmer, Gille, and Nenashev [10], [20] introduce the 
Euler class e{y) G GW^iX, det y^) of a locally free ^x-module f of rank r. Here 
we mostly follow Fasel [16] and Fasel-Srinivas [18, §2.4]. 

/ 
2.1. Euler classes and middle exterior power forms. Given a morphism 'V —?■ 

jV of locally free ^x-modules, with Y of rank r and JV invertible, consider the 

(twisted) Koszul complex K{'f , f) 

^ (^V^®(-1) ^ /\r^ ^ . . . ^ ^V ^ /^2^ 4f^ ^ 4 ^ ^ Q 

which is isomorphic to a twist ,yy 0K (y^"^ ®Y , evo(id<8>/)) of a standard Koszul com- 
plex associated to the cosection ^'^(S>y — > ^x- Note that K^Y, /) -^ coker(/) is an 
isomorphism in the derived categories. The perfect pairings (^Y ® f^~^'V — ?> det y 
and together with certain sign conventions give rise to a symmetric isomorphism 
of complexes $ : K{r,f) -^ Kirjf, where (-)» = jrom(-, (^V)®^'^-^) 
dety)[r], see Balmer-Gille [10, §3] or Fasel-Srinivas [18, §2.4]. 

Consider the associated affine bundle p : Y{T) = SpecS{y) — > X, see [21, 
II Exer. 5.18], and its zero section s : X —?■ N{Y). Then p*'^^ has a canonical 
"evaluation" ^x-morphism / : p*'y^ —^ ^y(T) with cokernel s^^x. There's an 
associated Koszul complex K{p*'f"^ , f) 

^ AV'^^ ^ > A V'^^ ^ P*^^ ^ ^v(r) ^ 

of locally free ^v(y)"™odules, where ^y{v) is in degree 0. The canonical sheaf map 
s^ : ^v(r) ~^ •s*^x defines an isomorphism K{p*y^ , f) — >■ s^ffx in the derived 
category. The zero section defines a pullback map 

s* : GW'^{Y{r),p*detr"^) -^ GW {X , det r"^ ) 

on Grothendieck-Witt groups. The Euler class e{'f)e GW''{X,det'f"^) is defined 
to be s*(K(p*rv, /),$). 

Proposition 2.1 (Fasel-Srinivas [18, Prop. 14, 21]). Let X be a scheme with 2 
invertible and Y a locally free 0'x-niodule of rank r. 

a) (Explicit formula for Euler classes) In GW'^{X, det 'f'^), we have the equali- 
ties 



^ ^detrv [EUoi-^YW^^]) tfr = 2s + l 

((-l)^(^-^)/')^A-r^ + i/dctrv(E;=o(-iy[A''^l) ^fr = 2s 



where X^Y'^ is considered as a complex concentrated in degree s. 
b) (Whitney sum formula for Euler classes) If Q ^ W ^ Y ^ JV -^ is an 
exact sequence of locally free i)'x-m,odules, then e{Y) = e(#')-e(o/K) under the 
multiplication in Grothendieck-Witt groups induced by det /^^ (8)det^^ — ?> 
detr^. 
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Remark 2.2. Tensoring with det 'f'^ — actually multiplication in the Grothendieck- 
Witt group by the bilinear form (det y^ , (8), (det Y'^)'^'^) of rank 1 — yields a canon- 
ical isomorphism of groups GW^ {X, det Y) — > GW^ {X, det Y"^ ) via the evaluation 
morphism det Y (8) (det Y'^)^'^ — )■ det Y"^ . Under this isomorphism the class of A*!^ 
is mapped to the class of X^'Y^ . Also note that X^'y is metabolic if and only if 
(±1) (g) X'^'f is metabolic. 

The following corollary can be viewed as a generalization of Calmes-Hornbostel 
[13, Rem. 7.5]. 

Corollary 2.3. // Y has a sub or quotient line bundle then e{'f') is metabolic. 

Proof. Combine Proposition 2.\a) and Corollary 1.7. Another proof employs the 
Whitney sum formula for Euler classes, noting that the product of metabolic classes 
is metabolic. D 

2.2. Euler classes and quotient line bundles. For any invertible i^x-niodule 
J\^ , Karoubi periodicity gives rise to the exact sequence 

(6) GW''-'^{X,J^) 4 Ko{X) ^^ GWiX,^) -^ W''{X,J^) -^ 

where / is the forgetful map, see Walter [28, Thm. 2.6]. If a locally free ^x-module 
'f of even rank r = 2s has a sub or quotient line bundle, then by Corollary 2.3, the 
Euler class e{V) is in the image of the hyperbolic map: 



/^detrv([A^#'V]^^(_l).[/^,^V]^^ 



j=0 

We can give a potentially useful representation of this class. For a locally free 
^x-module W, denote hy l\'if the class 

rank^ 

Y^ (_iy[/\.-^v] 

in Kq{X). Recall that f\W = s*s^&x, where s : X ^ ¥(#') is the zero section and 
Stf and s* are the associated pushforward and pullback maps on K^. 

Proposition 2.4. Let Y be a locally free i?'x -module of rank r and suppose that 
0—^W—^Y^.^^Oisa short exact sequence of locally free i?x -'modules, with 
S£ invertible. Then we have 

e(y) = i?dctrv(Ar) 
mGW^^(X,detrV). 

Proof. The proof is a straightforward calculation using the explicit formula for Euler 
classes (Proposition 2.1a), Lemma 1.4, and the fact that, for all j > 1, 

is in the kernel of the hyperbolic map H^ct f^ '■ Kq{X) — > GW^{X, det Y"^). A proof 
could probably also be given using the Whitney sum formula for Euler classes. D 

A similar formula (for the case of Y of odd rank) appears in Fasel [17, Thm. 
10.1]. As a consequence of Proposition 2.4, we can give a direct proof of a fact used 
in the proof of Fasel-Srinivas [18, Prop. 22]. 

Corollary 2.5. Under the hypotheses of Proposition 2.4, if ^x is in the kernel of 
the hyperbolic map Hj^v : KqIx) -^ GW^X,^"^), then e{Y) = 0. 
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Proof. Let p : Y{W) — > X be the projection and s the zero section. Then by 
Proposition 2.4 we have 

using the pushforward in Grothendieck-Witt groups, which can be apphed since we 
have the isomorphism 

i-p* det r"^ = i*p* det r"^ O w, ^ det r"" ® det #^ ^ ^"^ 

of invertible i^x-modules. D 

3. Rank four vector bundles 

In this section, we apply the above general results to the specific case of locally free 
^x-modules of rank four. In this special situation, we are helped by the accidental 
correspondence A3 = D3. 

3.1. Middle exterior forms. Let X be a scheme with 2 invertible, and recall that 
by Proposition 1.3 the middle exterior power functor gives rise to a canonical homo- 
morphism A^ : GL('^) — )■ GSO(A^'^). When Y has rank four, this homomorphism 
is an isogeny. 

Proposition 3.1. Let Y he a locally free ^x-fnodule of rank 4, then there's a short 
exact sequence 

1 ^ /i2 ^ GL(-r) ^ GSO(AV) -^ 1 
of sheaves of groups on X^i . 

Proof. The only thing to check is that A^ is an epimorphism on X^.^, which is a 
classical fact. See Knus [23, V.5.6] for instance. D 

Remark 3.2. The coboundary map ifj^.(X, GSO(A^'^)) -^ H?^{X,fi2) associates, 
to any oriented regular line bundle-valued symmetric bilinear form ((#,6,^,0 of 
rank 6, an invariant ffc((f , b, ^, () £ H?^^{X, /X2), and is an example of the oriented 
similarity Clifford invariant studied in [4]. 

The D3 version of Theorem 1.10 is more precise, yielding a stronger version of 
Corollary 1.7 as follows. 

Theorem 3.3. Let X be a scheme with 2 invertible and 'f a locally free ffx-'^'Odule 
of rank 4- Then 

$r U $V : ^i'^) U F(r^) -^ AG(AV) 
is an isomorphism of X -schemes. 

Proof. We can reduce to the classical case over fields by going to geometric points. 
We prefer to argue directly. Let P "^ GL4 be the parabolic subgroup given by 
the stabilizer of ff^ C ffj^ ^^'^ ^^^ ^^^'^ Q '^^ GrS03^3 be the parabolic subgroup 



corresponding to the associated choice of oriented lagrangian /\ ff^ of -^ 



r\j 



'X 



Hff^ i^x)- Then upon restricting the morphism A , we have a commutative diagram 
1 ^ M2 ^ P — ^ Q ^ 1 



-^M2 



-^ GS03,3 1 
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of groups schemes on X. Similarly, we have a epimorphism of (right) torsors 

equivariant for the corresponding homomorphism of group schemes. Then in this 
situation, we have an induced commutative diagram of X-scheme isomorphisms 

Isom(^^, r)/P ^^ Sim+(A2^i, A2r)/Q 



p(r) 



AG(A2r)° 



where AG(A^'^)° is the connected component containing the image of ^r and the 
vertical isomorphism are a consequence of SGA 3 [1, XXVI. 3 Lemma 3.2], since 
these projective homogeneous schemes are moduli spaces of parabolic subgroups of 
the associated groups. 

Note that if GL('^) actually had a parabolic subgroup P^ of the same type as P 
(i.e. there exists an exact sequence O^W^Y^^^O with ^ invertible), then 
the above argument can be summarized with the following commutative diagram 



1 



M2 



-^P 



/^2 



/\2^ 



GL(r) —^ GSO(A2r) 



-^1 



¥{y) 



KG{\^yy 



of X-scheme, where the top two rows are short exact sequences of group schemes. 

So far, we've shown that $^ is an isomorphism onto a connected component. The 
same argument can be used for $y (using the dual parabolic subgroup of P). Since 
AG(A^'^) -^ X has two connected X-components (since the discriminant is trivial) 
and ^r and ^'y map to different components, we are done. D 

Corollary 3.4. Let X he a scheme with 2 invertible and 'V a locally free ^x -"module 
of rank 4- Then Y has a sub or quotient line bundle if and only if X^Y is a metabolic 
form. 

Definition 3.5. Let 1^ be a locally free ^x-module of rank r. Define A('^) € 
GW^X, det T) to be the class of X'^'f if r = 2s is even and if r is odd. 

Of course, if r = 2s is even and X^Y is metabolic, then the Witt class X{'f) G 
W^{X,dety) vanishes (see Remark 2.2). In general, the converse — that if A*'^ 
is stably metabolic then it is metabolic — may not hold. However, under certain 
hypotheses on X, the converse does indeed hold. 

Definition 3.6. Let C = (C,%tz7) be an exact category with duality (cf. Balmer 
[8, §1.1.2]). We say that the Witt cancellation property is satisfied over C if given 
symmetric objects {£'i,bi), ((^2, ^2), (<^3) bs), ((^4, 64) in C such that (<#[, &i) -L {(^'2, 62) 
is isometric to ((^3,63) ± {S'4,bi) and ((^2,^2) is isometric to ((04,64) then we have 
that ((fi,6i) is isometric to ((#3,63). 

We say that the KruU-Schmidt property is satisfied over an exact category C if 
every object has a unique (up to permutation) coproduct decomposition into inde- 
composable objects. Additionally, we say that the strong KruU-Schmidt property is 
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satisfied if for every object S of C, the ring Endc(<5') is complete with respect to the 
rad(Endc(fo'))-adic topology. If X is proper over a complete local ring (in particular 
a field), then the strong Krull-Schmidt property is satisfied over the exact category 
VB(X) of locally free ^x-modules, see Atiyah [2, Thm. 3]. 

Theorem 3.7 (Knus [23, II Thm. 6.6.1]). Let C he any exact category with duality 
over which the strong Krull-Schmidt property is satisfied. Then C satisfies the Witt 
cancellation property. 

Corollary 3.8. Let X he a scheme with 2 invertihle such that VB(X) satisfies the 
strong Krull-Schmidt property (e.g. X is proper over a complete local ring with 
residue field of characteristic not 2). Let i^ be a locally free 0'x -module of rank 4- 
Then 'f has a suh or quotient line bundle if and only if X{'V) = in W{X, det i^). 

Proof. This is direct consequence of Corollary 3.4 and the Theorem 3.7. D 

Remark 3.9. Note that under the hypotheses of Corollary 3.8, A('^) vanishes in 
W{X,dety) if and only if e{y) vanishes in W{X,dety'^). Indeed, Proposition 
2.1 implies that e(l^) vanishes if X{i^) does, the converse follows from the Witt 
cancellation property. Thus 1^ has a sub or quotient line bundle if and only if e{i^) = 
in W{X, det r^). In particular, this is the case if e(r) = in GW{X, det r^). 

3.2. A question on the vanishing of Euler classes. The following problem 
arises naturally from this work. Let '^ be a locally free ^x-module of rank 4 and 
suppose there's an exact sequence O^W^Y^^^O. Then by Propositions 
2.1 and 2.4, we have 

e(r) = i^det r- (A'^"" + ^x- r^) = /7det rv {^x - ^^ + A'^"" - det ^T^) . 

Problem 3.10. Give a complete characterization of the vanishing of the Euler class 
e{'V) € GW^{X, det Y"^) in terms of additional properties of W and ^ . 

We already know J£ = Gx is a sufficient condition for the vanishing of the Euler 
class. By exact sequence (6), 6(1^) vanishes if and only \i f\W is the underlying 
complex of an element of GW^iX., det 1^^). 

By Proposition 2.4, we know that f\'W is the underlying complex of the Euler 
class e(ir) G GW'^{X,d&\,'W^). Since detr = A&iW ® ^ , this gives another way 
of seeing that if ^ = Gx then e{^~) is trivial (since then there's an isomorphism of 
groups GW^ {X, det W"^) = GW^{X, det Y^) preserving underlying complexes). 

More generally, consider the case ^ = ^^"^ (and we fix such an isomorphism). 
Then tensoring by ../K^ yields an isomorphism (cf. Balmer-Calmes [9]) of groups 
GW\X, det W^) -^ GVF*(A:,det r^). Thus in this case, e{r) vanishes if and only 
if f\W is the underlying complex of an element in GW^ {X, det y"^) if and only 
if ,yV ® f\W \s the underlying complex of an element in GW^ {X, det W"^). For 
examples, this happens if ^ G 2 Pic(X) and also \i ,yV = det W"^ = det Y . What is 
a necessary condition on jy ensuring the vanishing of e{'V) in the case? 
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